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Let G = (V, E) be a simple graph. Denote by D(G) the diagonal
matrix of its vertex degrees and by A(G) its adjacency matrix. Then
the signless Laplacian matrix of G is Q(G) = D(G) + A(G). In [5],
Cvetkovic´ et al. have given the following conjecture involving the
second largest signless Laplacian eigenvalue (q2) and the index (λ1)
of graph G (see also Aouchiche and Hansen [1]):
1 − √n − 1  q2 − λ1  n − 2 −
√
2n − 4
with equality if and only if G is the star K1,n−1 for the lower bound,
and if and only if G is the complete bipartite graph Kn−2,2 for the up-
per bound. In this paper we prove the lower bound and characterize
the extremal graphs.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Throughout the paper we consider only simple graphs, herein called just graphs. Let G = (V, E) be
a graph on vertex set V = {v1, v2, . . . , vn} and edge set E = E(G) . Also let di be the degree of vertex vi
for i = 1, 2, . . . , n . Theminimum vertex degree is denoted by δ , themaximum by1 and the second
maximum by 2 . Assuming that the degrees are ordered as d1  d2  · · ·  dn, then 1 = d1 and
2 = d2. Let Ni be the neighbor set of the vertex vi ∈ V . If vertices vi and vj are adjacent, we denote
that by vivj ∈ E(G). The adjacency matrix A(G) of G is defined by its entries aij = 1 if vivj ∈ E(G)
and 0 otherwise. Let λ1  λ2  · · ·  λn−1  λn denote the eigenvalues of A(G) . λ1 is called the
index of graph G . As usual, Kn and K1,n−1 denote, respectively, the complete graph and the star on n
vertices.
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The signless Laplacian matrix of G is Q(G) = D(G) + A(G) , where D(G) is the diagonal ma-
trix whose entries are the degrees of the vertices of G and A(G) is the adjacency matrix of G . Let
q1  q2  · · ·  qn denote the eigenvalues of Q(G). They are usually called the signless Laplacian
eigenvalues of G . The matrix Q(G) is well studied by several authors [1–8,10–13]. In [5], Cvetkovic´ et
al. gave the following conjecture involving the second largest signless Laplacian eigenvalue and the
index of graph G (see also [1]).
Conjecture 1. Let G be a connected graph of order n  9. Then
1 − √n − 1  q2 − λ1  n − 2 −
√
2n − 4
with equality if and only if G is the star K1,n−1 for the lower bound, and if and only if G is the complete
bipartite graph Kn−2,2 for the upper bound.
In this paper we give proof of one part of Conjecture 1.
2. Main result
First we shall list some previously known results that will be needed in the section.
Lemma 2.1 ([9]). Let G be a graph of n vertices and let H be a subgraph of G obtained by deleting an edge
in G. Then
q1(G) q1(H)  q2(G)  q2(H)  q3(G)  · · ·  qn−1(G)  qn−1(H)
 qn(G)  qn(H)  0,
where qi(G) is the ith largest signless Laplacian eigenvalue of G and qi(H) is the ith largest signless Laplacian
eigenvalue of H.
Lemma 2.2 ([8]). Let G be a graph. Then
q2  2 − 1 ,
where 2 is the second maximum degree of graph G . If q2 = 2 − 1, then the maximum and the second
maximum degree vertices are adjacent and 1 = 2 .
Let G = (V, E). If V is the disjoint union of two nonempty sets V1 and V2 such that every vertex vi
in V1 has the same degree r and every vertex vj in V2 has the same degree s, then G will be called a
(r, s)-semiregular graph. If r = s in (r, s)-semiregular graph, then G will be called a r-regular graph.
Denote by Hn−1,2 , a connected graph with maximum degree n− 1 and secondmaximum degree2
such that 2 = δ < n − 1 (δ is minimum vertex degree). Thus Hn−1,2 is a (n − 1, 2)-semiregular
graph with 2 < n − 1. One can see easily that the index of Hn−1,2 is given by the following
equation
λ2 − (2 − 1)λ − (n − 1) = 0.
Thus the index of Hn−1,2 is given by
λ1 =
2 − 1 +
√
(2 − 1)2 + 4(n − 1)
2
.
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Here we present an upper bound on the spectral radius of graph G.
Theorem 2.3. Let G be a connected graph with maximum degree 1 and second maximum degree 2.
Then
λ1 
2 − 1 +
√
(2 − 1)2 + 41
2
(1)
with equality holds in (1) if and only if G is isomorphic to a regular graph or G ∼= Hn−1,2 .
Proof. It is well-known that λ1  1 with equality if and only if G is isomorphic to a regular graph.
If 1 = 2 in G, then from (1) we get
λ1  1 =
2 − 1 +
√
(2 − 1)2 + 41
2
.
Thus the theorem is proved for 1 = 2 in G. Otherwise, 1 = 2. Let X = (x1, x2, . . . , xn)T be an
eigenvector of A(G) corresponding to an eigenvalue λ1. We can assume that one eigencomponent xi is
equal to 1 and the other eigencomponents are less than or equal to 1, that is, xi = 1 and 0 < xk  1,
for all k. We have
A(G)X = λ1X. (2)
Let xj = maxk:k =i xk . We need to consider two cases: (i) dj = 1, (ii) dj  2.
Case (i): dj = 1. In this case di  2. From the ith equation of (2),
λ1xi =
∑
vk∈Ni
xk, i.e., λ1  dixj  2 as xj  1. (3)
One can see easily that
2 
2 − 1 +
√
(2 − 1)2 + 41
2
with equality if and only if 1 = 2. Since 1 = 2, we get
λ1  2 <
2 − 1 +
√
(2 − 1)2 + 41
2
.
Case (ii): dj  2. From the ith equation of (2),
λ1xi =
∑
vk∈Ni
xk, i.e., λ1  dixj  1xj as di  1. (4)
From the jth equation of (2),
λ1xj =
∑
vk∈Nj
xk,
i.e., λ1xj  1 + (dj − 1)xj  1 + (2 − 1)xj,
i.e., (λ1 − 2 + 1)xj  1. (5)
From (4) and (5), we get
λ1(λ1 − 2 + 1)  1,
i.e.,
λ1 
2 − 1 +
√
(2 − 1)2 + 41
2
.
The first part of the proof is over.
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Fig. 1. Non-regular graph H0 with λ1 = 2 = 4.
Fig. 2. Three graphs P5, H1 and H2.
Now suppose that equality holds in (1). If 1 = 2, then G is isomorphic to a regular graph.
Otherwise, 1 = 2. Then all inequalities in the above argument in Case (ii) must be equalities. In
particular, from (4) we get
xk = xj for all vk such that vk ∈ Ni and di = 1.
Also from (5) we get
xk = xj for all vk such that vk ∈ Nj , k = i ; vivj ∈ E(G), and dj = 2.
Let V1 = {vk : xk = xj}. If V1 = V(G) \ {vi}, then there exist vertices vp ∈ V1, vq /∈ V1, q = i such
that vpvq ∈ E(G) as G is connected. Then λ1xj < 1 + (2 − 1)xj , a contradiction, as xq < xj and xj is
the second maximum eigencomponent. Thus V1 = V(G) \ {vi}. If xj = 1, then
λ1 = 1 = 2,
a contradiction, as 2 = 1. Otherwise, xj < 1.
If any vertex vk in V1 is not adjacent to vertex vi, thenλ1xj = dkxj < 1+(2−1)xj , a contradiction,
as dk  2 and xj < 1. Thus we conclude that each vertex vk in V1 is adjacent to vertex vi and
dk = 2 = δ < n − 1, as 2 = 1 = n − 1. Hence G ∼= Hn−1,2 .
Conversely, one can see easily that the equality holds in (1) for regular graph or for Hn−1,2 . 
Remark 2.4. One can see easily that the equality holds in (3) for regular graph and for non-regular
graph H0 in Fig. 1.
Now we are finally ready to give the proof of one part of Conjecture 1.
Theorem 2.5. Let G ( K3, K4) be a connected graph on n > 2 vertices with index λ1 . Then
q2 − λ1  1 −
√
n − 1 (6)
with equality holds in (6) if and only if G ∼= K1,n−1 or G ∼= K5 .
Proof. For n  4, it is easy to check the assertion holding. We assume that n  5. If 2 = 1, then
G ∼= K1,n−1 and the equality holds in (6).
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If 2  2  3, then G is a super graph of P5 or H1 or H2 (P5, H1 and H2 are shown in Fig. 2) as G
is connected. By Lemma 2.1, we have q2 > 2.3. Thus we have λ1  1 + √1 + 1, by Theorem 2.3.
Hence
q2 − λ1 > 1.3 −
√
1 + 1  1 −
√
n − 1 as n  5 and 1  n − 1.
If 2  4, then
√
n − 1(2 − 3) − 2 + 2= (
√
n − 1 − 1)2 − 3
√
n − 1 + 2
 4(
√
n − 1 − 1) − 3√n − 1 + 2
= √n − 1 − 2  0 as n  5. (7)
Moreover,
√
n − 1(2 − 3) − 2 + 2 = 0 if and only if n = 5 and 2 = 4.
Thus we have to show that
q2 − λ1 2 − 1 −
2 − 1 +
√
(2 − 1)2 + 41
2
 1 − √n − 1, (8)
(by Lemma 2.2 and Theorem 2.3)
i.e.,
2 − 3 + 2
√
n − 1 
√
(2 − 1)2 + 41,
i.e.,
(n − 1 − 1) +
√
n − 1(2 − 3) − 2 + 2  0, (9)
which, evidently, is always obeyed as 1  n − 1 and by (7). The first part of the proof is over.
The equality holds in (9) if and only if n = 5 and 1 = 2 = 4. For 2  4, the equality holds in
(6) (that is, the equality holds in (8)) if and only ifG ∼= K5 , by Lemma 2.2 and Theorem2.3. For2 = 1,
the equality holds in (6) if and only if G ∼= K1,n−1. This completes the proof of this theorem. 
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